We introduce the notion of Kähler manifolds that are almost Einstein and we define a generalized mean curvature vector field along submanifolds in them. We prove that Lagrangian submanifolds remain Lagrangian, when deformed in direction of the generalized mean curvature vector field. For a Kähler manifold that is almost Einstein, and which in addition has a trivial canonical bundle, we show that the generalized mean curvature vector field of a Lagrangian submanifold is the dual vector field associated to the Lagrangian angle.
Introduction
In a Calabi-Yau manifold with parallel holomorphic volume form Ω there is a distinguished class of submanifolds called special Lagrangian submanifolds. These are oriented Lagrangian submanifolds, which are calibrated with respect to Re Ω. Special Lagrangian submanifolds have received a lot of attention since the work by Strominger, Yau and Zaslow [14] , where mirror symmetry is related to special Lagrangian torus fibrations.
The notion of special Lagrangian submanifolds can be generalized to the case when the ambient manifold is almost Calabi-Yau. An almost CalabiYau manifold is a Kähler manifold together with a non-vanishing, not necessarily parallel, holomorphic volume form. A nice property of almost CalabiYau manifolds is that they appear in infinite dimensional families, i.e. the moduli space of almost Calabi-Yau structures is infinite dimensional, while Calabi-Yau structures only appear in finite dimensional families due to the theorem of Tian and Todorov [16] , [17] and Yau's proof of the Calabi conjecture [20] . Choosing a generic almost Calabi-Yau metric is therefore a much more powerful thing to do than choosing a generic Calabi-Yau metric and, as in the study of moduli spaces of J-holomorphic curves, this could be of importance for the study of moduli spaces of special Lagrangian submanifolds as conjectured by Joyce in [4] . Another nice feature of almost Calabi-Yau manifolds is that explicit almost Calabi-Yau metrics on compact manifolds are known, while there are no non-trivial Calabi-Yau metrics on compact manifolds explicitly known. For instance a quintic in CP 4 equipped with the restriction of the Fubini-Study metric is an almost Calabi-Yau manifold.
Special Lagrangian submanifolds in (almost) Calabi-Yau manifolds have been studied extensively by many authors but up to date there is no general method known how to construct examples of special Lagrangian submanifolds. However, since special Lagrangian submanifolds are calibrated submanifolds they are volume minimizing in their homology class and one is tempted to construct special Lagrangian submanifolds by mean curvature flow of Lagrangian submanifolds. The existence of the Lagrangian mean curvature flow in Kähler-Einstein manifolds was first proved by Smoczyk [11] . Smoczyk shows that the mean curvature flow of a given compact Lagrangian submanifold remains Lagrangian as long as the flow exists. Thus the problem is to find conditions such that the Lagrangian mean curvature flow exists for all time and converges to a special Lagrangian submanifold. One attempt to this was done by Thomas and Yau [15] , where they conjecture that a Lagrangian submanifold satisfying a certain stability condition converges smoothly by Lagrangian mean curvature flow to a non-singular special Lagrangian submanifold in the same homology class. In general there are two problems occurring. Firstly one expects that the evolving Lagrangian submanifold develops a finite time singularity. There are only a few longtime convergence results known for Lagrangian mean curvature flow, for instance by Smoczyk [10] , Smoczyk and Wang [13] and Wang [18] . The second problem which occurs is that there exist Lagrangian submanifolds without regular Lagrangian volume minimizers in their homology classes. Examples of such Lagrangian submanifolds were found by Wolfson in [19] .
In this paper we introduce the notion of Kähler manifolds that are almost Einstein (in particular, these contain the class of almost Calabi-Yau manifolds), and we define a generalized mean curvature vector field along submanifolds in them. We show that Lagrangian submanifolds remain Lagrangian under deformation in direction of the generalized mean curvature vector field and we obtain a generalized version of Smoczyk's result. Therefore we call the deformation of Lagrangian submanifolds in direction of the generalized mean curvature vector field a generalized Lagrangian mean curvature flow. We show that the generalized Lagrangian mean curvature flow is the negative gradient flow of the volume functional of some conformally rescaled metric. Moreover, if the ambient manifold is almost Calabi-Yau, then we prove that the one-form associated to the generalized mean curvature vector field of a Lagrangian submanifold is the differential of the Lagrangian angle. As a consequence we show that if the initial Lagrangian has zero Maslov class, then the generalized Lagrangian mean curvature flow can be integrated to a scalar equation.
We remark here that recently, after the first version of the present paper, Smoczyk and Wang showed that in every almost Kähler manifold that admits an Einstein connection there exists a generalized mean curvature vector field with the property that Lagrangian submanifolds remain Lagrangian under the deformation in its direction. The generalized Lagrangian mean curvature flow introduced by them contains ours in Kähler manifolds that are almost Einstein as an example (see [12] for more details).
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Lagrangian mean curvature flow in Kähler-Einstein manifolds
We first recall the definition of the mean curvature flow. Let M be a Riemannian manifold and let N be a submanifold of M given by an immersion F 0 : N −→ M . Throughout this paper the term submanifold will mean an immersed submanifold. The second fundamental form of N is defined by
where∇ denotes the Levi-Civita connection of M and π νN the orthogonal projection onto the normal bundle νN of N . The mean curvature vector field H ∈ Γ(νN ) of N is defined as the trace of the second fundamental form with respect to the induced Riemannian metric on N . 
(1)
The mean curvature flow is a quasilinear parabolic system and hence, if N is compact, short time existence and uniqueness for given initial data is guaranteed by standard theory of quasilinear parabolic PDEs, see for instance Ladyžhenskaja et al. [6] .
From now on and throughout this paper we let (M, J,ω,ḡ) denote a compact Kähler manifold of real dimension 2n with complex structure J, Kähler formω, and Kähler metricḡ. The Kähler form and Kähler metric are related byḡ(JX, Y ) =ω(X, Y ), for X, Y ∈ Γ(T M ). The Levi-Civita connection ofḡ is denoted by∇ and the Riemann curvature tensorR ofḡ is
and the Ricci formρ, which is a real ( 
Let L be a compact manifold of real dimension n and
0ḡ , and we set ω = F * 0ω . Assume now that F 0 is a Lagrangian immersion, i.e. ω = 0. We recall some basic geometric properties of Lagrangian submanifolds. For any normal vector field ξ ∈ Γ(νL) there is a corresponding one form α ξ on L given by 
In particular by Cartan's formula we find
Hence, if M is Kähler-Einstein, i.e.ρ = λω for some λ ∈ R, then it follows that the deformation of a Lagrangian submanifold in the direction of the mean curvature vector field is an infinitesimal symplectic motion. A natural question that arises now is whether the Lagrangian condition is preserved under the mean curvature flow. This question was answered positively by Smoczyk in [11] : Theorem 2.3. Let L be a compact n-dimensional manifold and let F 0 : L −→ M be a Lagrangian immersion into a compact Kähler-Einstein manifold M . Then the mean curvature flow admits a unique smooth solution for a short time and this solution consists of Lagrangian submanifolds.
Generalized Lagrangian mean curvature flow in
Kähler manifolds that are almost Einstein
for some constant λ ∈ R and some smooth function ψ on M .
From now on we additionally assume that our Kähler manifold (M, J,ω,ḡ) is almost Einstein. Given an immersion F 0 : N −→ M of a manifold N into M we define a normal vector field K ∈ Γ(νN ) along N by
We call K the generalized mean curvature vector field of N . Now let L be an n-dimensional manifold and
Then the deformation of L in direction of the generalized mean curvature vector field is an infinitesimal symplectic motion. Indeed by Dazord's result we have
In the remainder we study the generalized mean curvature flow
for a given Lagrangian immersion
In order to establish the short time existence and uniqueness of this flow observe that K as a differential operator differs from H just by lower order terms. Hence K and H have the same principal symbol, so short time existence and uniqueness for (2) follows immediately. Now let {F (., t)} t∈[0,T ) be the solution to the generalized mean curvature flow (2) . In the remaining part of this chapter we show that F (., t) : L −→ M is Lagrangian for each t ∈ (0, T ). As before we denote g = F (., t) * ḡ and ω = F (., t) * ω . Furthermore ∇ will denote the Levi-Civita connection of g and R the Riemannian curvature tensor of g. Let p ∈ L and choose normal coordinates {x i } on L around p at time t ∈ (0, T ) and coordinates {y α } on M around F (p, t). We have to introduce some notation. We denote e i = ∂F ∂x i (., t) and we define tensors N and η by N i = N (e i ) = π νL (Je i ) and η ij = η(e i , e j ) =ḡ (N e i , N e j ). Moreover we set h ijk = h(e i , e j , e k ) = −ḡ N e i ,∇ e j e k . Observe that h ijk is symmetric in the last two indices and fully symmetric if F (., t) is Lagrangian. We also denoteR klji =R(e k , e l , e j , N (e i )). The following formula proved by Smoczyk [11, Lem. 1.4] will be of use later:
. We start by computing the evolution equations of g ij and ω ij at p ∈ L and time t.
Proof.
Using Lemma 3.2 and Lemma 3.3 we can now proceed as in [11] to prove the following lemma. 
For terms of the form ω sl ω m i T i slm we have
Since L × [0, τ ] is compact we can choose a constant C > 0 such that for all
It remains to find an estimate for the last two terms. We have
and hence
Multiplying both sides with −2nω kl , using the almost Kähler-Einstein condition, and estimating the quadratic terms in ω we get
Using that ω is closed we find
Putting all together yields
Now by definition of the tensor N we have N (e p ) = J(e p ) − ω m p e m and sō
Multiplying both sides with 2ω kl g pq and estimating the quadratic term in ω gives 2ω
Using the following well known identity from Kähler geometry g pqR (e l , e k , e q , J(e p )) =ρ kl ,
we finally obtain
Applying the parabolic maximum principle we conclude that F (., t) : L −→ M is Lagrangian for each t ∈ [0, T ). This motivates the following definition: 
A variational approach to the generalized mean curvature flow
Let S be the infinite dimensional manifold consisting of all compact ndimensional submanifolds of M . In this chapter we show that the generalized mean curvature flow is the gradient flow of a volume functional on S. Let N ∈ S, then the tangent space of S at N consists of the normal vector fields along N and for any Riemannian metric g on M there is a natural
We define two conformally rescaled Riemannian metricsg andĝ on M byg = e 2ψḡ andĝ = e 2n n+2
ψḡ .
Then we have the following variational characterization of the generalized mean curvature flow:
Proposition 4.1. The generalized mean curvature flow is the negative gradient flow of the volume functional V olg on S with respect to the L 2 -metric ., . ĝ,L 2 .
Proof. Let N ∈ S and let Y be a normal vector field along N . Then the first variation of the volume functional gives
whereH is the mean curvature vector field on N with respect to the metric on N which is induces byg. It is easy to show that
The case of almost Calabi-Yau manifolds
We introduce almost Calabi-Yau manifolds and special Lagrangian submanifolds as defined by Joyce in [3, §8.4].
Definition 5.
1. An n-dimensional almost Calabi-Yau manifold (M, J,ω,ḡ, Ω) is an n-dimensional Kähler manifold (M, J,ω,ḡ) together with a non-vanishing holomorphic volume form Ω.
Given an n-dimensional almost Calabi-Yau manifold (M, J,ω,ḡ, Ω) we can define a smooth function ψ on M by Hence almost Calabi-Yau manifolds are almost Einstein and Theorem 3.6 holds in this case. Letg be a conformally rescaled metric on M defined bỹ g = e 2ψḡ . One easily proves that Re Ω is a calibrating n-form on (M,g). This leads to the definition of special Lagrangian submanifolds in almost Calabi-Yau manifolds.
Definition 5.2. An oriented Lagrangian submanifold L of an almost CalabiYau manifold M is called special Lagrangian if it is calibrated with respect to
Re Ω for the metricg. More generally, an oriented Lagrangian submanifold L is special Lagrangian with phase θ 0 ∈ R, if L is calibrated with respect to Re(e −iθ 0 Ω) for the metricg.
Besides the fact that one is able to write down explicit examples of almost Calabi-Yau metrics on compact manifolds there is another reason for studying almost Calabi-Yau manifolds. Recall that by the theorem of Tian and Todorov the moduli space M CY of Calabi-Yau metrics of a compact Calabi-Yau manifold is of dimension h 1,1 (M )+2h n−1,1 (M )+1, where h i,j (M ) are the Hodge numbers of M . In particular M CY is finite dimensional. In the study of moduli spaces of J-holomorphic curves in symplectic manifolds it turns out that for a generic almost complex structure J the moduli space M J of embedded J-holomorphic curves is a smooth manifold, while for a fixed almost complex structure J the space M J can have singularities (see [8] for details). Now the moduli space M ACY of almost Calabi-Yau structures is of infinite dimension and therefore choosing a generic almost Calabi-Yau metric is a more powerful thing to do than choosing a generic Calabi-Yau metric. We explain why this is of certain interest. It was proved by McLean [9] that the moduli space of compact special Lagrangian submanifolds M SL in a Calabi-Yau manifold is a smooth manifold of dimension b 1 (L), the first Betti number of L. An important question is whether it is possible to compactify M SL in order to count invariants of Calabi-Yau manifolds. One approach to this problem, due to Joyce, is to study the moduli space of special Lagrangian submanifolds with conical singularities in almost Calabi-Yau manifolds (see [5] for a survey of his results). In particular Joyce conjectures that for generic almost Calabi-Yau metrics the moduli space of special Lagrangian submanifolds with conical singularities is a smooth finite dimensional manifold.
We come back to the study of the generalized Lagrangian mean curvature flow. First observe that special Lagrangian submanifolds in an almost Calabi-Yau manifold M are minimal with respect tog. By Proposition 4.1 the generalized Lagrangian mean curvature flow decreases volume with respect tog. Therefore the generalized Lagrangian mean curvature flow is in this sense the right flow to consider. Harvey and Lawson show in [2] that 
is invariant under the holonomy representation ofḡ. Hence there exists a complex one form η on M satisfying∇Ω = η ⊗ Ω. Moreover, since Ω is holomorphic, η is in fact a one form of type (1, 0). Using Ω ∧Ω = e 2nψ dVḡ we find by computing∇ Ω ∧Ω the equality Proof. On the one hand
and on the other hand, using F (., t) * Ω = e iθ+nψ dV g , we have
Since Ω is holomorphic, dΩ = 0. Moreover by Proposition 5.4 we have K = J(∇θ) and hence
−e iθ+nψ dθ ∧ (∇θ dV g ) = ie iθ+nψ (∆θ + ndψ(∇θ)) dV g − e iθ+nψ |∇θ| 2 dV g .
Comparing imaginary parts yields d dt θ = ∆θ + ndψ(∇θ). Theorem 5.6. Let F 0 : L −→ M be a zero Maslov class Lagrangian, i.e. θ : L −→ R is a well defined smooth function on L, let Φ be as above, and let {u(., t)} t∈[0,T ) be a smooth one-parameter family of smooth functions on L satisfying ∂u ∂t (x, t) = θ(x, t), (x, t) ∈ L × (0, T )
Here θ(., t) denotes the Lagrangian angle of the Lagrangian immersion Φ • du(., t) of L into M . Choosing T > 0 sufficiently small we can assume that the graph of du(., t) lies in U for t ∈ [0, T ). Then there exists a family of diffeomorphisms {ϕ(., t)} t∈[0,T ) of L, such that the immersions {F (., t)} t∈[0,T ) of L into M defined by F (x, t) = Φ(ϕ(x, t), du(ϕ(x, t), t)), x ∈ L, evolve by generalized Lagrangian mean curvature flow.
The proof of this theorem can be found in [10] in the case when the ambient space is C n . When the ambient space is a general almost CalabiYau manifold the proof is analogous.
